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Abstract-The radiative properties of a fly-ash polydispersion are calculated using a simplified approach 
based on Mie theory. The experimental data of fly-ash complex refractive index of Goodwin (Infrared 
optical constants of coal slags, Technical Report T-255, Stanford University, California) are employed in 
the calculation to take into account the wavelength-dependence of optical constants. The uncertainty in 
representing the particle size distribution is addressed explicitly. Due to this uncertainty, the uncertainty 
of the wavelength-integrated Planck mean absorption and scattering coefficients can be over 10%. The 
use of wavelength-independent optical constants for fly-ash yields unacceptable results of Planck mean 

coefficients. 

1. INTRODUCTION 

IN ORDER to predict radiative heat transfer in pul- 
verized coal-fired systems, it is essential to know the 
radiative properties of combustion products. Indeed, 
it has been pointed out that accurate knowledge of 
the radiative properties of combustion products can 
be as important as the solution method [I]. Except 
radiation by water vapour and carbon dioxide, the 
particles present in a coal-fired furnace, including 
soot, coal, char and fly-ash, absorb and emit radiation 
in a continuous form covering the entire spectrum. It 
is believed that the major contributors to the con- 
tinuum radiation are the fly-ash particles because char 
and soot particles are usually present in a relatively 
small fraction of the entire furnace volume and there- 
fore they are not important in evaluating the overall 
heat transfer performance ; however, fly-ash particles 
exist in almost the entire furnace volume [2]. 

In recent years, due to the important role played by 
fly-ash in radiative heat transfer in coal-fired furnaces, 
considerable attention has been paid to predicting 
their radiative properties and their effects on radiative 
heat transfer [3-71. These studies have indicated that 
neglect of the ash radiation may underestimate total 
heat transfer by up to 30%. It should be noted that 
the predicted effects of fly-ash particles on radiation 
depend strongly on the absorption and scattering 
coefficients used in the calculations. These coefficients 
are in turn dependent on the complex index of refrac- 
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tion of ash, ash loading and ash particle size dis- 
tribution. 

Due to the lack of reliable and sufficient exper- 
imental data, most of the up to date studies have 
assumed that the optical constants n and k are inde- 
pendent of wavelength, with n taken in each case as 
1.5 and k ranging from 0.005 to 0.05 [4-6, 81. Only 
recently, Goodwin [9] has presented some more com- 
plete optical constants for homogeneous bulk samples 
with compositions similar to those of fly-ash. In the 
wavelength range from 0.5 to 12 pm which is of inter- 
est at furnace temperatures, their results indicate that 
the real part n does not exhibit strong wavelength- 
dependence; whilst the imaginary part k varies by 
several orders of magnitude. 

By assuming fly-ash particles are homogeneous and 
spherical, the radiative properties of a single particle 
can be obtained from Mie theory [lo]. However, the 
application of Mie theory is neither simple nor prac- 
tical for engineering calculations. Fortunately, a sim- 
plified approach derived by van de Hulst [lo] can be 
readily used to calculate the radiative properties of 
fly-ash particles as suggested by Menguc and Viskanta 
[6]. Almost without exception, it is assumed that each 
particle in the furnace scatters and absorbs radiation 
unaffected by the presence of other particles. Then the 
absorption and scattering of radiation by the particle 
suspension is calculated by a simple algebraic addition 
of the radiation absorbed and scattered by each 
particle. By expressing the size distribution of a fly- 
ash polydispersion as a three-parameter skewed dis- 
tribution function [I 11, Menguc and Viskanta [6] were 
able to obtain a simple closed form solution for the 
spectral extinction and absorption coefficients using 
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NOMENCLATURE 

a, b parameters in particle size distribution T temperature [K] 
function X particle size parameter. 

D particle diameter km] 
DlO size-weighted diameter km] Greek symbols 
D 20 r.m.s. diameter brn] ci parameter in particle size distribution 
1, black-body radiation intensity function 

[w m-* sr-‘1 Ka absorption coefficient [m- ‘1 
k imaginary part of refractive index KC extinction coefficient [m- ‘1 
m complex refractive index, n - ik KS scattering coefficient [m- ‘1 
M total number of particles analysed L wavelength bm]. 
Mi differential number of particles 
n real part of refractive index Subscript 
N particle number density [m-‘1 1 spectral quantities. 
Qa absorption efficiency factor 

extinction efficiency factor Superscript 
scattering efficiency factor * mean single particle properties. 

the simplified approach. However, one of the three 
parameters in the particle size distribution function 
was assigned arbitrarily in the work of Menguc and 
Viskanta [6]. 

In this paper, the effect of the undetermined par- 
ameter in the particle size distribution on the fly-ash 
radiative properties is studied using the simplified 
approach. The wavelength-dependence of fly-ash 
optical constants is taken into account by employing 
the experimental data of Goodwin [9]. Numerical 
results show that the undetermined parameter can 
cause more than 10% uncertainty in the Planck mean 
absorption and scattering coefficients. A new con- 
dition is suggested to determine the arbitrary constant 
in the particle size distribution function used by Men- 
gut and Viskanta [6]. This work also demonstrates 
that the Planck mean coefficients calculated using the 
wavelength-dependent optical constants differ sig- 
nificantly from those using wavelength-independent 
optical constants. 

2. FLY-ASH MODEL 

2.1. Optical constants 
The optical constants of fly-ash presented by Good- 

win [9] (see also Fig. l(b) in ref. [7]) are employed in 
the present calculations. For the purpose of computer 
modelling, their experimental data of fly-ash optical 
constant are approximated by piecewise linear func- 
tions of wavelength. The real part n is written as 

n= 1.5 0.5 -e 1 c 6.0 pm 

n = 1.5-0.35(1-6.0) 6.0 < L c 8.0 pm 

n = 0.8+0.5(1-8.0) 8.0 < 1 < ll.Opm 

n = 2.3-0.5(1-11.0) 11.0 < 1 < 12.0pm. 

The imaginary part k is given as 
k = lo-4.6+2.2(1-0.5) 0.5 < I < 1.0 pm 

k = ~CJ-~.~ 1.0 < I <4.0pm 
k = lo-3.5+(A-4.0) 4.0 < 1 < 5.0 pm 
k = lo-2.5+0.24"-50' 5.0 < 1 < 7.5 pm 
k = lo- 1.9+ l.S(i-7.5) 7.5 < 1 < 8.5 pm 
k = 10-O.’ 8.5 < 1 < 10.5 pm 
k = 10-“~1-o~733(A-‘o~5) 10.5 < 1 < 12.0 pm. 

2.2. Particle size distribution 
The fly-ash particles collected from a small-scale 

pulverized coal-fired furnace [12] are considered in 
this work. The particle size distribution, analysed by 
a Coulter counter, is summarized in Table I. In this 
table, f(D) is defined 

f(D) = & x 100 
I 

(1) 

where M is the total number of particles analysed. 
The mean fly-ash particle diameters D,, and D20 are 
calculated as 

Table I. Ash particle size distribution 

Cumulative Differential ADi 
volume (%) gi’ No., M, @m) o 

4 100 63 087 4.52 6.98 
5.04 98.3 44035 1.175 18.74 
6.35 94.8 32 778 1.48 11.07 
8.00 90.0 23 975 1.875 6.39 

10.1 83.3 16081 2.35 3.42 
12.7 72.6 9498 2.95 1.61 
16.0 60.6 5155 3.75 0.69 
20.2 48.5 3045 4.7 0.32 
25.4 34.3 1577 5.9 0.13 
32.0 19.5 629 7.45 0.04 
40.3 8.2 110 9.4 0.0 
50.8 4.0 21 11.84 0.0 
64.0 2.4 6 14.9 0.0 
80.6 0.0 3 - - 
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Table 2. Parameters of particle size 
distribution 

a a b 

2 0.04293 0.44118 
3 0.01996 0.58824 
4 0.00896 0.73529 
5 0.00393 0.88235 

D -Cf(Di)DiADi 
10 - 

xf(Di)ADi 
= 6.80 pm (2) 

D Zf(Di)D;ADi I'* _ 
10 - xf(Di)ADi > 

= 7.85 ,um. (3) 

The particle size distribution given in Table 1 can 
be expressed in a more concise functional form by 
using a three-parameter skewed distribution function 
[6, 111 

f(D)= aD" exp (-bD). (4) 

In the work of Menguc and Viskanta [6], CI was treated 
as a positive integer and its value was assigned arbi- 
trarily; whilst the constants a and b were calculated 
from overall mean diameter D, o and the nor- 
malization of f(D), i.e. the constants a and b obey 
the following relations : 

a(cr+l)! ---= 
b”+2 

D . 
10 (6) 

The values of a and b can be determined only if the 
value of a is assigned. For a = 2, 3, 4 and 5, the 
corresponding values of a and b are given in Table 2. 
The effect of a on the particle size distribution is shown 
in Fig. 1. The size distribution function f(D) is sen- 

16 

0 5 10 15 20 25 30 

D, pm 

sitive to the value of a. The larger the value of a, the 
larger the maximum off(D) and the particle diameter 
at which the maximum occurs. A larger a, however, 
yields a smaller particle diameter at which the 
maximum of D'f (D) occurs, see Fig. 1 (b). 

In the prediction of radiative properties of a poly- 
dispersion, the size-weighted mean diameter D ,. and 
the area-weighted mean diameter D2,, are two impor- 
tant parameters since the size of the particles char- 
acterizes single particle properties and the area of the 
particles is required in evaluating the polydispersion 
properties. In this work, the following additional con- 
dition is suggested to determine uniquely the value 
ofa 

a(a+2)! = D2 
b”f3 20 

i.e. the mean diameter D,, of the size distribution 
function, equation (4), is assumed to be equal to the 
measured value. The values of 6, a and a can be 
evaluated from equations (5) to (7) such that 

b’+ I 

a=-. 
a! 

(9) 

(10) 

For the particle size distribution given in Table 1, it 
is found that 

a = 2.0158 

u = 0.04356 

b = 0.4433. 

(b) 
8 

a=5 

6 

0 5 10 15 20 25 30 

D, pm 

FIG. 1. Effect of OT on the particle size distribution. 
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It is seen that this size distribution follows closely that 
with c( = 2 given in Table 2. 

3. SPECTRAL RADIATIVE PROPERTIES 

3.1. Single particle characteristics 
Based on Mie theory, the radiative characteristics 

of a single particle is determined by the particle size 
parameter, x = KD/I, and the complex refractive 
index, nz = n - ik. 

As derived by van de Hulst (Sections 11.22 and 
11.23 in ref. [IO]), the extinction and absorption 
efficiency factors can be calculated as 

cos B . 
Qe=2-4exp(-~tanp)-- p sin (P-P) 

-4exp (-p tan/l) cm (P - 28) 

+4 cosp 2 
( > 
~ cos2j (11) 

P 

where 

Q, = 2K(4xk) (12) 

tan/I=&, p=2x(n-I), 
XD 

xc- 
L 

-- e-:- 1 
K(z)=:+~+~. 

The scattering efficiency factor QI is then calculated 
by subtracting Q, from QC. Essentially, these equa- 
tions are applicable over the entire domain of the Mie 
theory if the real part of the refractive index n is close 
to 1 .O and even for values of n as large as 2.0 and the 
imaginary part k negligibly small. 

It is clear that the complex refractive index of fly- 
ash presented by Goodwin [9] meets the conditions 
required by the simplified expressions for extinction 
and absorption efficiency factors except for the 
imaginary part k in the wavelength range 8.0 < 
1< ll.Opm. 

The absorption and scattering extinction efficiency 
factors for a particle having diameter D = D ,,, are 
shown in Figs. 2 and 3, respectively. The features seen 
in the absorption efficiency spectrum are similar to 
those in the spectrum of the imaginary part of the 
refractive index (see Fig. 1 (b) in ref. [7]). 

3.2. Spectral coejicients of thefly-ash polydispersion 
The spectral absorption, scattering and extinction 

coefficients of a cloud of fly-ash particles can be evalu- 
ated from 

BA(W N) = om Q,@, 1, ml ~f(D)N dD 
I 

(14) 

where /?A stands for either spectral absorption 
coefficient K~*, spectral scattering coefficient Key, or 

0.01 

0.006 

0.003 

0 2 4 6 6 10 12 

A, wa 

FIG. 2. Absorption efficiency factor Q,. D = D,,. 

2.5-1 

di 2.0- 

1.5; $ 

LO- 
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0.0 . , I , I , , . , . 
0 2 4 6 8 10 12 

FIG. 3. Scattering efficiency factor Ql. D = D,, 

responding efficiency factor, N the particle number 
density and f(D) the normalized particle size dis- 
tribution function given in equation (4). 

Dividing equation (14) by N, the following 
expressions are obtained : 

* -!%- ‘GA - I 
m QC(D,l,m)~f(D) dD (15) N- 0 

Q~(D,i,m,~f(D) dD. (16) 

Substitution of equations (4), (11) and (12) into equa- 
tions (15) and (16) yields the closed form expressions 

spectral extinction coefficient Key. Qp is the cor- for K$ and K$ after some mathematical manipulations 
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K:A = 7 (25, -4 cos /Y?J, -4 cos2 PJ, 

+4cos2/?cos2~J,) (17) 

K,: = y(J, +2CJ,+2C2J6) (18) 

where 

J, = &cr+3) (19) 

(2+a) arctan g -/3 

J2 = 
1 

/f(~‘+~2)“2’““” r(cr+2) (20) 

cos (a+ 1) arctan $ -2/l 
J, = 1 

,42(,42+g2)l/2lQ+I) T(a+ 1) (21) 

1 
J4 =A’b”+l --(a+ 1) (22) 

J5 = 
1 

(23) 

A = wn- 1) 
1 ’ 

B&+7, C’=&. (25) 

Results of spectral absorption, scattering and 
extinction coefficients for the fly-ash polydispersion 
are given in Figs. 4-6, respectively, for different values 

3 
B 
x 4o 

0 
0 2 4 6 6 10 12 

A, Pm 
FIG. 4. Effect of a on the spectral absorption coefficient ~2. 

FIG. 5. Effect of OL on the spectral scattering coefficient ~3.. 

? 
$1 100 
X 

3 a0 
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.$ 60, 

Ii 
';;i 40, 

3 
K 20, 
VI 

0. 

i’ 
FIG. 6. Effect of u on the spectral extinction coefficient ~2,. 

of a. It can be seen that the fine ripple structure ex- 
hibited by the Lorenz-Mie solutions at short wave- 
length (1 < 2.5 pm) for a single particle of diameter 
DIO, see Fig. 3, is cancelled out by integrating over 
the particle size distribution. The fly-ash particles are 
weakly absorbing at 1 c 5 pm and become strongly 
absorbing at longer wavelengths which reflect the 
spectral variation of the imaginary part k. For the 
particle size distribution considered in this work, the 
spectral scattering and extinction coefficients first 
increase gradually till reaching maxima at 6.3 pm, 
then decrease sharply to minima at 7.5 pm. At this 
wavelength, the scattering coefficient is nearly zero. 
Beyond 7.5 pm, the scattering and extinction 
coefficients differ significantly from each other since 
the absorption coefficient is large in this wavelength 
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region. It should be noted that these features of the 
spectral absorption, scattering and extinction co; 
efficienis are similar to those presented by Goodwin 
and Mitchner [7] based on Mie calculations. 

The effect of cI on the spectral absorption coefficient 
is negligible at short wavelengths, 1 < 5 pm, and 
becomes significant at longer wavelengths, see Fig. 4. 
While the effect of a on the scattering and extinction 
coefficients is considerable at wavelengths 1 < 6 pm, 
see Figs. 5 and 6. At long wavelengths, 1 > 8.5 pm, 
the extinction coefficient becomes sensitive again to 
the value of CL The smaller the value of CI, the larger 
the spectral absorption, scattering and extinction 
coefficient due to the stronger weighting of large par- 
ticle diameters, where Dif(D) is high (see Fig. l(b)). 

4. PLANCK MEAN PROPERTIES 

For most of the engineering calculations, the 
wavelength-integrated absorption and scattering 
coefficients are required since it is not always possible 
to perform radiative heat transfer calculations on a 
spectral level. The Planck mean coefficients defined 
below are of interest when the medium under con- 
sideration is optically thin 

where ZbL(7’) is the Planck spectral black-body inten- 
sity. These integrations can be performed numerically 
by dividing the entire wavelength spectrum into a 
number of bands such that 

K: = f &b.i(T)A~i 
i= I I 

f L0-W.i (28) 
i= I 

K: = i K?&.i(T)A~i 
I 

-f: L&Wi. (29) 
i= , i= I 

The wavelength summations in equations (28) and 
(29) are performed numerically for the wavelength 
range from 0.5 to 12.0 pm. The fraction of the total 
black-body flux contained in this range is 0.971 at 
1200 K and 0.990 at 1800 K with the excluded fraction 
primarily on the long wavelength side. 

Numerical results of the Planck mean absorption 
and scattering coefficients obtained by using different 
values of a are shown in Figs. 7 and 8, respectively. 
The Planck mean absorption coefficient decreases 
with increasing temperature due to the stronger 
weighting of short wavelengths where the spectral 
absorption coefficient is low (see Fig. 4). The Planck 

b 
4 4.5 
X -I 

2 4.0- 

8 
0 

. 3.5- 

2 

8 3.0- 

2 

d 2.5- 

8 
a 2.0- 

3 
g 1.5- 

iz 

T, K 

FIG. 7. Effect of a on the Planck mean absorption coefficient 
K,*. 

Y2, 2000 

T, K 

FIG. 8. Effect of a on the Planck mean scattering coefficient 
K,*. 

mean scattering coefficient increases with increasing 
temperature and is less temperature-dependent than 
the Planck mean absorption coefficient. It is worth 
noting that the variation trend of the Planck mean 
absorption coefficient with temperature is opposite to 
that presented by Viskanta et al. [4] using wavelength- 
independent optical constants ; however, it is in agree- 
ment with the results of mean single-particle total 
emissivity calculated by Goodwin and Mitchner [7l. 

The figures also show that both the absorption and 
the scattering coefficients are sensitive to the value of 
CL. As expected from Figs. 4 and 5, the smaller the 
value of a, the larger the Planck mean absorption and 
scattering coefficients. By varying the value of a from 
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y(lI 
1200 1400 1600 1600 2000 

T. K 
FIG. 9. Comparison of the Planck mean absorption 
coefficient K,* based on wavelength-independent indices with 

that based on wavelength-dependent data. 

2 to 5, there is more than a 10% decrease in both the 
Planck mean absorption and scattering coefficients. 

Calculations have also been performed for 
wavelength-independent optical constants of 
m; = 1.5-iO.005 and m2 = IS-iO.0015. The results 
are compared with those obtained using spectral 
optical constants in Figs. 9-l 1. The particle size dis- 
tribution with a = 3 (see Table 2) is used in these 
calculations. Figure 9 shows that the use of k = 0.005 
overestimates the Planck mean absorption coefficient, 
while the use of k = 0.0015 yields a much closer result 
to that based on wavelength-dependent optical con- 

\ 

\ 

/ 

!Ol 
I . I ’ I ’ 

I 1400 1600 1800 21 

T, K 

FIG. 10. Comparison of the Planck mean scattering 
coefficient K: based on wavelength-independent indices with 

that based on wavelength-dependent data. 
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FIG. 1 I. Comparison of the Planck mean extinction 
coefficient K: based on wavelength-independent indices with 

that based on wavelength-dependent data. 

stants, except that they give different variation trends 
with temperature. 

In opposition to the effect of k on the mean absorp- 
tion coefficient, the lower imaginary part k results in 
higher mean scattering coefficient, see Fig. 10. The 
smaller k (0.0015) over-predicts the mean scattering 
coefficient especially at temperatures 7’~ 1600 K, 
while the larger k (0.005) overestimates the mean 
scattering coefficient at T < 1400 K and then under- 
predicts the mean scattering coefficient at higher tem- 
peratures. 

Figure 11 shows the Planck mean extinction 
coefficients. It can be seen that the extinction 
coefficient calculated using spectral optical constants 
is almost constant in the temperature range 
considered. The Planck mean extinction coefficient 
based on wavelength-independent optical constants 
decreases with increasing temperature. In addition, 
the mean extinction coefficient is very insensitive to the 
value of the imaginary part k due to the insensitivity of 
the extinction efficiency factor to the value of k [12]. 

The results shown in Figs. 9-l 1 indicate that it is 
not acceptable to ignore the wavelength-dependence 
of optical constants in the prediction of fly-ash radi- 
ative properties. The average value of the imaginary 
part of the fly-ash complex refractive index k = 0.012 
estimated by Gupta and Wall [13] is definitely too 
high to calculate the fly-ash radiative properties. 

5. CONCLUSIONS 

A simplified approach based on Mie theory has 
been employed to calculate the radiative properties of 
a fly-ash polydispersion. The experimental data of 
Goodwin [9] were used in the calculations to take into 
account the wavelength-dependence of fly-ash optical 
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constants. A new condition is suggested to determine 
uniquely the value of CI present in the particle size 
distribution based on the consideration of the impor- 
tant role played by the mean particle diameter D,, in 
evaluating the radiative properties of polydispersions. 
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